We give a short proof of a theorem of Trofimov, using the theory of topological groups. An automorphism 9 of a graph is bounded if there is a number M such that the distance between a vertex v and 9v is less than M for all vertices v in the graph. Trofimov's theorem is a characterization of those locally finite infinite graphs that admit a transitive group of bounded automorphisims. (~) 1998 Elsevier Science B.V.
Introduction
In several papers the theory of topological groups has been used to study infinite permutation groups (and vice versa). In [8] Woess gives an exposition of the connections between topological groups and the automorphism groups of graphs. The present note is a late addendum to that paper, finishing an argument started there.
An element 9 of the automorphism group, Aut(X), of X is a bounded automorphism of the graph X if there exists a number M such that d(gv, v)<<,M for all vertices v in X. The bounded automorphisms form a normal subgroup, B(X), of Aut(X).
An equivalence relation a on VX is a system of imprimitivity of Aut(X) if a is invariant under Aut(X). Following common usage we will talk about the equivalence classes of a as blocks. If N is a normal subgroup of Aut(X) then the orbits of N are the blocks of an imprimitivity system of Aut(X). For v E VX, let v ° denote the block of a that contains v. The quotient graph X/a is defined as a graph with vertex set VX/a and two vertices x, y in X/~r are adjacent if there are adjacent vertices u, v in X such that x=u ° and y=v ~. It follows that Aut(X) acts on X/a. If G~<Aut(X) then the image of G in Aut(X/a) is denoted by G ~.
In [5] Trofimov proves the following theorem which characterizes those locally finite graphs X such that B(X) is transitive. Theorem A. Let X be a locally finite connected graph. Then the following assertions are equivalent:
(ii) For some vertex transitive subgroup G of Aut(X) there is a system a of imprimitivity of Aut(X) on VX with finite blocks such that G ~ is a free finitely generated abelian group.
That (ii) implies (i) is easy to see. The key is that a vertex transitive abelian group will always act as a group of bounded automorphisms. The essence of Theorem A is thus in the implication (i) ~ (ii), which is contained in the following statement.
Theorem B. Let X be a locally finite graph. Suppose that the group B(X) acts transitively on X. Then there is an imprimitivity system a of Aut(X) with finite blocks on X, such that B(X) ~ is a free finitely generated abelian group.
Trofimov's proof of his theorem is long and involved. The aim of this note is to present the reader with a short proof of Trofimov's theorem. In [8] , Woess gives a short proof of another theorem of Yrofimov [6, Theorem 2]. In his proof Woess uses results of [2] about topological groups with polynomial growth. Then Woess goes on to discuss Theorem B and suggest that one might be able to use results on topological FC--groups from the paper of Grosser and Moskowitz [ 1 ] to get a short proof. In this note we finish Woess' argument.
It should be pointed out here that Trofimov's original direct proof is more constructive in nature. In later related work [7, Remark 1 on p. 441] Trofimov points out how the methods used in that paper could also be applied to give a shorter proof of the theorem under discussion here.
Preliminaries
In what follows X is always a locally finite connected graph, with vertex set VX, and d(-, .) denotes the usual distance on VX.
We turn Aut(X) into a topological group by taking as a neighbourhood base of the identity the subgroups
where A C_ VX is finite. Viewed differently the topology on Aut(X) is just the topology of pointwise convergence, where VX is given the discrete topology. It is possible to define a metric on Aut(X) that gives the same topology. One possible definition is the following. Let Vl, v2,.., be an enumeration of the vertices of X. For g,h E Aut(X) define I.q,h = { i [ gvi "~ hvi }, and set
It is left as an exercise for the reader to show that D is a metric on Aut(X) and that it defines the same topology as above. This metric is introduced here to assure you, dear reader, that when looking at Aut(X) as a topological group there is no need to worry about any topological pathologies.
To ease the reader's task we restate here three lemmata from the paper of Woess [8] . An element g in a group H is called an FC-element if the conjugacy class of g is finite. In a topological group we say that g is an FC--element if the conjugacy class of g has compact closure.
Lemma 3 ([8, Lemma 4] ). An automorphism g of X is bounded if and only if g is an FC--element of Aut(X). If B(X)~, is finite for some vertex v in X then a bounded automorphism is an FC-element of Aut(X). Now we come to the crucial ingredient which we borrow from the theory of topological groups. It is a generalization of a lemma due to Dietzmann (spelled Dicman in [4] ), see [4, p. 425 ]. The result on topological FC--groups we use is Lemma 3.12 from the paper of Grosser and Moskowitz [1] . The proof is not difficult and uses nothing but basic results about topological groups. An element g in a topological group is said to be periodic if (g) is compact.
Lemma 4 ([1, Lemma 3.12]). Let G be a locally compact topological group, and assume that G has a subgroup K that is both open and compact. Let E be a subset of G with compact closure and assume that the elements of E are periodic FC-elements. Then the subgroup (E) is compact.
Note that Aut(X) is a locally compact topological group and for v E VX the subgroup Aut(X)v is both open and compact in Aut(X). Therefore the conditions in Lemma 4 hold for G =AutO(). The next step is to prove a result of Trofimov [6, Proposition 2.3]: Trofimov deduces this result as a consequence of Theorem A, which we are trying to prove. The proof here follows Trofimov's proof, but at the critical juncture where Trofimov refers to Theorem A we can instead refer to Lemma 4 with the same effect.
Lemma 5 ([6, Proposition 2.3]). Let X be a locally finite connected graph and suppose that Aut(X) acts transitively on VX. Then there exists an imprimitivity system lr of Aut(X) on VX such that 7r has finite classes and for every vertex v in X/zr the stabilizer in Aut(X/lr) of v contains no non-trivial bounded automorphims.
Proof. Let n be a system of imprimitivity of Aut(X) on X such that the blocks of n are finite and such that for any other system of imprimitivity a with finite blocks, degX/a >~degX/n. (Here degX denotes the degree of the vertices in X.) By replacing X with X/n we can assume that for every Aut(X) system of imprimitivity a with finite blocks degX/a >>, degX.
Suppose 9EB(X) stabilizes some vertex v in X. The group Aut(X)v is compact, so the closed subgroup (9) is also compact. Thus 9 is a periodic element of the topological group AutO(). Clearly all conjugates of 9 are also periodic. Since 9 is a bounded automorphism we know that E, the conjugacy class of 9 in Aut(X), has compact closure (Lemma 3). Now apply Lemma 4 to get that H --(E) is compact. By Lemma 2 the orbits of H are all finite. (Trofimov applies the theorem we are trying to prove to show that the orbits of H are all finite.) Furthermore, it is clear from the way H is defined that H is normal in AutO(). Let r denote the system of imprimitivity defined by the orbits of H. By the assumptions made at the beginning of the proof degX/z>~degX. But the blocks of ~ are the orbits of the subgroup H, so if x,y are adjacent vertices in X/T then for every vertex u in X with u ~ = x there is some vertex v in X, adjacent to u such that v~= y. Hence degX/T ~<degX. Therefore degX/z = degX, which implies that no two vertices adjacent to some vertex v in X are in the same orbit of H. Whence H acts semi-regularly on X (i.e. no non-trivial element of H fixes a vertex in X). So g is the identity automorphism. []
Proof of Theorem B
First we note that if p is a system of imprimitivity of Aut(X) on X with finite blocks then it is enough to prove the theorem with X/p and B(X/p) in place of X and B(X). This can be seen as follows: Suppose z is an Aut(X/p) system of imprimitivity with finite blocks such that B(X/p) T is a finitely generated free abelian group. Define zp as an equivalence relation on VX such that if u, v C VX then u w = v w if and only if (uP)Z= (vP)L Under the above assumptions rp is an Aut(X) system of imprimitivity on VX and the blocks of zp are finite. Then X/zp is isomorphic to (X/p)/z, and B(X) w C_B(X/p)L Because B(X/p) ~ is a finitely generated free abelian group, B(X) w is also a finitely generated free abelian group. Exactly the same argument shows that it is enough to find an Aut(X)P system of imprimitivity ~ on X/p such that (B(X);) ~ is a free finitely generated abelian group. The proof consists of sucessive applications of the above technique and it really gives a construction of the imprimitivity system a.
By Lemma 5 we can suppose that the stabilizer of a vertex in Aut(X) contains no non-trivial bounded automorphism. Therefore we can assume that B(X) acts regularly on X and then X is a Cayley graph of B(X). Because X is locally finite, the group B(X) is finitely generated, and by Lemma 3 the group B(X) is an FC-group (every element is an FC-element in B(X)). A result of B.H. Neumann [3, Theorem 5 .1] says that the commutator group of a finitely generated FC-group is finite. Note that B(X)' is necessarily normal in Aut(X). Now we define p as the Aut(X) system of imprimitivity on X defined by the orbits of B(X)'. Then we replace X with X/p and B(X) with B(X/p). The kernel of the action of B(X) on X/p contains B(X)', so B(X) ~ is contained in the kernel of the projection of B(X) onto B(X)P. Therefore B(X)P is abelian and finitely generated. Let T denote the torsion subgroup of B(X)P. Clearly T is normal in Aut(X)P. Let z denote the Aut(X)P system of imprimitivity on X/p defined by the orbits of T. Now r has finite blocks because T is finite. It is clear that T is contained in the kernel of the action of (B(X)P) ~ on (X/p)/z and an element of infinite order in (B(X) p) has infinite orbits and thus can not act trivially on (X/p)/r. So the kemel of the action of (B(X)°) ~ on (X/p)/z is precisely T. So B(X) ~p =(B(X)O) ~ =B(X)P/T, and the group B(X)O/T is a finitely generated free abelian group and the theorem is established.
Note (Added in November 1996). H.A. Jung (private communication) has proved, with methods partly based on the ones used in [ 1 ] to prove Lemma 4, a combinatorial lemma that can be used instead of Lemma 4.
